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a b s t r a c t

This work investigates the nucleation and growth of CO2 bubbles due to chemical reactions of sulfuric
acid and sodium bicarbonate in three types of microchannels: one with uniform cross-section, one con-
verging, and another one diverging. The Y-shaped test section, composed of main and two front micro-
channels, was made of P-type h100i orientation SOI (silicon on insulator) wafer. Bubble nucleation
and growth in microchannels under various conditions were observed using a high-speed digital camera.
The theoretical model for bubble dynamics with a chemical reaction is reviewed or developed. In the
present study, no bubble was nucleated at the given inlet concentration and in the range of flow rate
in the converging microchannel while the nucleation and growth of bubbles were observed in the diverg-
ing and uniform cross-section microchannels. Bubbles are nucleated at the channel wall and the equiv-
alent bubble radius increases linearly during the initial period of the bubble growth. The bubble growth
behavior for a particular case, without relative motion between the bubble and liquid, shows that the
mass diffusion controls the bubble growth; consequently, the bubble radius grows as a square root of
the time and agrees very well with the model in the literature. On the other hand, for other cases the bub-
bles stay almost at the nucleation site while growing with a constant gas product generation rate result-
ing in the instant bubble radius following the one-third power of the time.

� 2008 Elsevier Ltd. All rights reserved.
1. Introduction

Bubble generation, growth, and interactions in a microchannel
due to chemical reactions are of significant interest for the design
of the microchannel reactor involving gas–liquid reactions or de-
vices concerning the generation of bubbles due to chemical reac-
tions. For example, CO2 bubbles are generated from the oxidation
of methanol in the anode of a direct methanol fuel cell (DMFC).
CO2 may then transport through the diffusion layer to the fuel
channel. The removal of CO2 bubbles is of critical concern for the
design of a micro-DMFC [1–6].

Bubble dynamics for convective boiling in single and two paral-
lel microchannels had been investigated by Lee et al. [7] and Li
et al. [8], respectively. Both studies reported that bubbles in micro-
channels typically grow linearly and the bubble departure is gov-
erned by the imbalance of two-phase flow drag over the surface
tension. The two-phase flow pattern rapidly evolves to slug flow
after the bubble departure. The length of bubble slug expands
exponentially in both forward and backward directions, resulting
from the evaporation of microlayer between the bubble slug and
heating wall. Recently, Li and Dhir [9] carried out the single bubble
dynamics during nucleate flow boiling experimentally and numer-
ll rights reserved.
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ically. They found that the bulk flow velocity, heater surface orien-
tation, and gravity levels influence the bubble dynamics.

Bubble nucleation and growth from the superheated or super-
saturated liquid have been extensively studied in the literature,
and a number of mathematical models for bubble growth are avail-
able [10–21]. For example, Lee et al. [19] explored experimentally a
single bubble growth in saturated nucleate pool boiling with a con-
stant wall temperature. They reported that the bubble radius
grows as the 1/5 power of the time. Lee et al. [20] investigated
the bubble growth of binary mixtures in saturated pool boiling
and found that the bubble radius is proportional to the 1/4–1/6
power of the time. Recently, Frank et al. [21] demonstrated the
bubble nucleation and growth in supersaturated liquid with a
CO2 gas under different pressures experimentally. They found that
the bubble radius increases linearly before the bubble departure.
After the bubble detaches from the nucleation site to rise in the li-
quid, it grows exponentially.

Nevertheless, there are very few experimental studies related to
the bubble growth with chemical reactions in the literature. The
nucleation of bubbles produced from chemical reactions is funda-
mentally different from that of boiling. A bubble is nucleated in a
boiling system due to aggregate of high energy, vapor-like mole-
cules and subsequently grows owing to liquid evaporation. Its
growth is limited by the liquid inertia or heat conduction in the
liquid to transport heat from superheated liquid to the bubble
surface to provide the latent heat of evaporation. On the other
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Nomenclature

a dimensionless number
b0 dimensionless number
Ci constant in the corresponding equation, i = 1,2,3,4
c molar concentration of the solute in the liquid (mol/m3)
cs molar concentration of the solute at the bubble surface

(mol/m3)
c1 molar concentration of the solute far from the bubble

(mol/m3)
D diffusion coefficient (m2/s)
Db bubble diameter of the top-view image (m)
DH hydraulic diameter of the microchannel (m)
H depth of the microchannel (m)
km average mass-transfer coefficient (m/s)
ks first-order surface reaction constant (m/s)
n number of moles of the product within the bubble (mol)
ng generation rate of the gas product (mol/s)
Pb pressure in the bubble (Pa)
Pb0 initial pressure in the bubble (Pa)
Pl pressure in the liquid (Pa)
Q volume flow rate of the solution (m3/s)
R0 initial bubble radius (m)

Rb instant bubble radius or equivalent bubble radius (m)
Rb,cr critical bubble radius (m)
Rg universal gas constant (J/mol K)
Reb Reynolds number based on the bubble diameter and rel-

ative velocity between the bubble and liquid
r radial coordinate
Sc Schmidt number
Sh Sherwood number
Tb temperature in the bubble (K)
t time (s)
ur relative velocity between the sphere and bulk liquid

(m/s)

Greek symbols
b dimensionless growth constant in Eq. (6)
ll viscosity of the liquid (N s/m2)
ql density of the liquid (kg/m3)
r surface tension (N/m)
s0 dimensionless time
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hand, bubble growth due to chemical reactions results from the gas
produced at or near the bubble surface. The solute for chemical
reactions at the bubble surface or gas generated nearby will diffuse
to the bubble surface through concentration gradient. Therefore,
bubble growth due to chemical reactions may be similar to boiling
bubbles as the governing laws for heat and mass transfer are sim-
ilar to each other. Kapilashrami et al. [22] employed the CCD cam-
eras to observe the bubble generated through chemical reactions
between two immiscible liquids in the transparent box. They found
that the bubbles increase in size with progress of reaction but the
change in bubble size seems to be independent of the reaction rate.
Hong and Woo [23] employed the fractional derivatives method to
study bubble growth/dissolution processes with a first-order
chemical reaction. Recently, Favelukis and Yablonsky [24] pre-
sented a theoretical model for the growth of a spherical bubble
in a quiescent liquid with a first-order chemical reaction at the
bubble surface.

Recently, Fu et al. [25] investigated experimentally the evolu-
tion of two-phase flow pattern with CO2 bubbles generated from
chemical reactions of sulfuric acid and sodium bicarbonate in con-
verging and diverging microchannels with a common inlet cham-
ber, which may cause the pre-mixing effect, especially for the
diverging microchannel with a narrow inlet. Much more intensive
chemical reactions in the diverging microchannel were demon-
strated. CO2 bubbles are found to be generated in the regions near
the exit even for low concentration and high flow rates in the
diverging microchannel of their study. Extensive bubble genera-
tion and many bubbles are produced in those regions at high con-
centrations and/or low flow rates. In particular, slug flow with
large bubble slugs tends to appear in most parts of the diverging
microchannel for low concentrations. On the contrary, no bubble
is formed for low concentrations and high flow rates in the con-
verging microchannel, while large spherical bubbles are generated
in the regions near the inlet and slug flow is formed in the regions
near the exit for high inlet concentrations and low flow rates.

The objectives of the present work are to study experimentally
and theoretically the bubble dynamics in microchannels with CO2

bubbles generated from chemical reactions of sulfuric acid (H2SO4)
and sodium bicarbonate (NaHCO3). The reaction is, in fact, the fol-
lowing: Hþ þ HCO�3 ! CO2 þH2O, which can be regarded as a first-
order chemical reaction with a rate constant of 18 ± 7 s�1 [26]. The
reactions will take place in the microchannel while the reactant
solutions are flowing through it and result in generation of CO2

in the microchannel. Bubble growth in three different types of
microchannels, namely, converging, diverging, and uniform cross-
section microchannel are observed and measured. The theoretical
model in the literature has been reviewed and a new model is
developed based on the experimental data.

2. Experimental detail

2.1. Experimental setup

The experimental setup is similar to that employed in the pre-
vious work [25,27]. As shown in Fig. 1, it consists of the test sec-
tion, a syringe pump (KD Scientific 200), a pressure transducer
(Huba 692), a flow visualization system, and a data acquisition sys-
tem (YOKOGAWA MX100). The syringe pump with two tubes
drove the two solutions to different inlet chambers of the test sec-
tion simultaneously, as shown in the test section layout in Fig. 1.
The two liquid streams meet at the intersection of the two front
and main channels. The exhausted fluids from the test section were
drained to a container on an electronic balance, which provided
calibration of the flow rate for each solution before an experiment.
The pressure taps were located near the inlet and outlet chambers
at the connecting glass tube. The differential pressure transducer
used in the present study is with a short response time of 0.005 s
and the sampling rate for pressure drop measurement was set at
100 Hz.

The flow visualization system included a high-speed digital
camera (KODAK motion coder SR-ultra) with a monitor and a per-
sonal computer. A micro-lens was mounted on the CCD to observe
the nucleation and growth of bubbles in microchannels. Moreover,
an x–y–z mechanism was installed with the test module to hold
the lens and provide accurate position on the test plane (x–y-
plane) and focusing (z-direction). Bubble nucleation and growth
in microchannels under various conditions were observed using
the high-speed digital camera and analyzed by the Image Pro.
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Fig. 1. Schematic of experimental apparatus and the test section layout.
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The typical frame rate used was 2000 frame/s and the exposure
time was 1/20,000 s. A 250 W fiber optic illuminator was used as
the light source.

2.2. Fabrication of the test section

In this study, unlike the design in the previous work [25], the
test section was designed without the common inlet mixing cham-
ber, which may cause the pre-mixing effect, especially for the
diverging microchannel with a narrow inlet. Consequently, the
bubble nucleation and growth will be a result of the situation in
the microchannel only. The Y-shaped test section, composed of
main and two front microchannels, was a 17.5 mm � 35 mm sili-
con stripe, which was made of P-type h100i orientation SOI (silicon
on insulator) wafer with double sides polished (SWIFTEK Corp.).
The SOI wafer, used in this study, consists of three basic layers,
from bottom to top: the handle layer (P-type h100i silicon wafer
with a thickness of 500 ± 10 lm), the box layer (SO2 with a thick-
ness of 0.2 lm), and the device layer (P-type h100i silicon with a
thickness of 100 ± 1 lm), respectively. The fabrication of the
microchannel employed bulk micromachining and anodic bonding
process. Using the etching stop mechanism at the box layer for the
deep reactive ion etching process, a uniform depth of microchannel
can be obtained. Subsequently, the direct writing of excimer laser
micromachining technology was applied for the through holes of
both fluid inlets and outlet. To enable flow visualization, the top
surface was covered with Pyrex #7740 glass through anodic
bonding.

The schematic of the Y-shaped test section are shown in
Fig. 2(a)–(c) for the main channel with uniform, converging, and
diverging cross-section, respectively. The width of the uniform
cross-section microchannel is 675 lm, while it varies linearly from
1500 to 210 lm for the converging microchannel and from 210 to
1500 lm for the diverging one resulting in a converging or diverg-
ing angle of 1.85�. The length and depth of the main channel, no
matter what type the channel is, are 20 mm and 100 lm, respec-
tively. The mean hydraulic diameter (DH) of the three kinds of main
channel is all approximately 174 lm. Both front channels are with
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Fig. 2. Schematic of the test sections: (a) uniform cross-section, (b) converging and
(c) diverging microchannels.
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a uniform cross-section. The dimensions of front and main chan-
nels are summarized in Table 1.

2.3. Experimental procedure

This study employed aqueous solutions of sulfuric acid and
sodium bicarbonate as the working fluids. Both reactant solutions
were driven by the syringe pump at the same flow rate. The vol-
ume flow rates (Q) for both solutions were controlled ranging from
0.16 � 10�9 to 2.40 � 10�9 m3/s, corresponding to the Reynolds
number from 0.79 to 12.0 based on mean hydraulic diameter of
the main channel and mixture properties; the mass flux, based
on the mean cross-section area of the main channel, was controlled
Table 1
Summary of the dimensions of the test section

Type of the test
section

Main channel

Width, in
(lm)

Width, out
(lm)

Depth
(lm)

Length
(mm)

Uniform cross-
section

675 675 100 20

Converging 1500 210 100 20
Diverging 210 1500 100 20
ranging from 4.94 to 74.1 kg/m2 s for the uniform cross-section
microchannel and from 3.90 to 58.5 kg/m2 s for the converging or
diverging one. The concentration of both reactants at the inlet
was 0.75 mol/L.

2.4. Measurement uncertainty

The measurement uncertainty for the flow rate after calibration
using a high precision electronic balance was estimated to be
0.54%. The measurement uncertainty of differential pressure trans-
ducer was 1.25 kPa. Moreover, the uncertainty in the measured
bubble radii, concentration of sulfuric acid solution, and concentra-
tion of sodium bicarbonate solution is 1.08%, 1.89%, and 0.31%,
respectively. The experiments were conducted at room tempera-
ture of 24 ± 0.5 �C.

3. Theory

3.1. The extended Rayleigh equation

The governing equation for the growth of a spherical bubble in a
homogeneous liquid medium, known as the extended Rayleigh
equation, is of the form [28]:

PbðtÞ � Pl �
2r
Rb
¼ ql Rb

d2Rb

dt2 þ
3
2

dRb

dt

� �2
" #

þ 4ll

Rb

dRb

dt
ð1Þ

where Rb is the instant bubble radius, t is the time, ql is the density
of the liquid, r is the surface tension, ll is the viscosity of the liquid,
Pb is the pressure in the bubble, and Pl is the pressure in the liquid (a
constant, same as the pressure far away from the bubble). The ini-
tial condition for Eq. (1) is given as follows:

Rb ¼ R0; at t ¼ 0 ð2Þ

where R0 is the initial bubble radius.
Note that for a bubble to grow, i.e., dRb/dt > 0, Eq. (1) indi-

cates that the initial bubble radius must be greater than the crit-
ical bubble radius (Rb,cr) by ignoring the inertia and viscous
terms [24]:

R0 P Rb;cr ¼
2r

Pb0 � Pl
ð3Þ

where Pb0 is the initial pressure in the bubble.

3.2. Solution for the extended Rayleigh equation under certain
conditions

In the initial period, the bubble growth is controlled by liquid
inertia. Assuming the pressure in the bubble is constant and
neglecting the capillary pressure and viscous force, the bubble
would grow with a constant rate as [29]:

RbðtÞ ¼ R0 þ
2
3

Pb � Pl

ql

� �1=2

t ðinertia-force-controlÞ ð4Þ
Front channel Inlet and
outlet

DH (lm) Width
(lm)

Depth
(lm)

Length
(mm)

DH (lm) Radius (mm)

174 290 100 6.46 149 1

174 620 100 6.65 172 1
174 100 100 6.22 100 1
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Fig. 3. The equivalent bubble radius (Rb) in the microchannel.
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On the other hand, if the bubble growth is controlled by viscous
force, the bubble would grow exponentially, for Rb,cr ? 0, as follows
[30]:

RbðtÞ ¼ R0 exp
ðPb � PlÞt

4ll

� �
ðviscous-force-controlÞ ð5Þ

Furthermore, when the mass diffusion controls the bubble
growth, the bubble radius (with R0 = 0) changes as follows
[31,32]:

RbðtÞ ¼ 2bðDtÞ1=2 ðmass-diffusion-controlÞ ð6Þ

where b is the dimensionless growth constant, and D is the diffusion
coefficient.

3.3. The bubble growth with chemical reactions

3.3.1. Catalytic bubble model [24]
Favelukis and Yablonsky [24] recently proposed a theoretical

model, i.e., catalytic bubble model, for a spherical bubble growing
in a stationary liquid with a first-order chemical reaction at the
bubble surface. The model further assumes that all gas phase prod-
ucts go into the bubble and no gas product dissolves back to the li-
quid. The diffusion flux of the reactant (solute) toward the bubble
must be equal to the reaction rate per unit area at the bubble sur-
face. Thus

Pb0

RgTb

dRb

dt
¼ D

oc
or

� �
r¼Rb

¼ kscs ð7Þ

where Rg is the universal gas constant, Tb is the temperature in the
bubble, c is the molar concentration of the solute in the liquid, cs is
the molar concentration of the solute at the bubble surface, and ks is
the first-order surface reaction constant, having the unit of length
per unit time [33]. The LHS term in the equation assumes that the
gas product is an ideal gas and with constant pressure (Pb = Pb0)
and temperature in the bubble.

Favelukis and Yablonsky [24] solved the steady-state diffusion
equation for the solute in the liquid assuming the molar concentra-
tion of the solute is cs at the bubble surface and c1 far from the
bubble. The solute concentration at the bubble surface is expressed
as a function of c1, ks, Rb, and D. They then employed Eq. (7) to
solve for the instant bubble radius, using the solute concentration
at the bubble surface, as follows [24]:

RbðtÞ ¼ R0 � 1
b0
þ 1þ 1

b0

� �2

þ 2as0

" #1=2
8<
:

9=
; ð8Þ
Flow direction 

  t     t + 20/2000 s  

  t + 120/2000 s  t + 160/2000 s  

  t + 280/2000 s  t + 320/2000 s  

Fig. 4. A series of the images of the bubble growth in the d
where a = RgTbc1/Pb0 and b0 = ksR0/D are dimensionless numbers,
and s0 ¼ Dt=R2

0 is the dimensionless time. For the case with a fast
chemical reaction (ks� D/Rb), which can be regarded as a mass-dif-
fusion-control case, Eq. (8) is reduced to:

RbðtÞ ¼ R0ð1þ 2as0Þ1=2 ð9Þ

Obviously, Eq. (9) is similar to Eq. (6), which the bubble growth
is controlled by the diffusion of the gas molecule. Eqs. (6) and (9)
indicate that the bubble grows as a square root of the product of
the diffusion coefficient and time.

On the other hand, the solution for the case with a slow chem-
ical reaction (ks� D/Rb), which is a chemical-reaction-control case,
can be written as:

RbðtÞ ¼ R0ð1þ ab0s0Þ ð10Þ

Favelukis and Yablonsky [24] also presented numerical results
for the bubble growth using the unsteady-state diffusion equation,
and the results show that the bubble growth behavior and trend
are similar to that of the quasi-steady-state solution from the stea-
dy-state diffusion equation. In the present study, the bubble
growth for one of the cases was compared with the quasi-stea-
dy-state model.

3.3.2. Evaluated from the average mass-transfer coefficient
Favelukis and Yablonsky’s catalytic bubble model [24], however,

neglected the possibly convective effect on solute transport in the
liquid due to relative motion between the bubble and liquid.
Considering such a convective effect by employing an average
t + 40/2000 s   t + 80/2000 s 

t + 200/2000 s   t + 240/2000 s 

t + 360/2000 s   t + 400/2000 s 

iverging microchannel (case A), Q = 0.80 � 10�9 m3/s.



Fig. 5. The time evolution of the equivalent bubble radius in the diverging
microchannel (case A), Q = 0.80 � 10�9 m3/s.
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mass-transfer coefficient from the bulk liquid to the bubble inter-
face, km, the continuity of mass flux at the bubble surface results in:

Pb0

RgTb

dRb

dt
¼ kmðc1 � csÞ ¼ kscs ð11Þ

The above equation assumes that the solute transporting to the bub-
ble surface reacts there and the gas product, as an ideal gas, goes into
the bubble with constant pressure and temperature in the bubble.
The surface concentration can thus be expressed as:

cs ¼
kmc1

ks þ km
ð12Þ

Substituting Eq. (12) into the RHS of Eq. (11) and after rearrange-
ment gives:

dRb

dt
¼ akskm

ks þ km
ð13Þ

Assuming the bubble is a sphere, the average mass-transfer coeffi-
cient (km) may be obtained from the following equation [34]:

Sh ¼ 2:0þ 0:6ðRebÞ1=2ðScÞ1=3 ð14Þ

where Sh = km(2Rb)/D is the Sherwood number, Reb = qlur(2Rb)/ll is
the Reynolds number, Sc = ll/(qlD) is the Schmidt number, and ur is
the relative velocity between the sphere and bulk liquid.

For the case with ur = 0, i.e., Sh = 2.0, the solution of the bubble
radius is the same as Eq. (8) proposed by Favelukis and Yablonsky
[24]. On the other hand, for the case with 0.6(Reb)1/2(Sc)1/3� 2.0,
i.e., Sh � 0.6(Reb)1/2(Sc)1/3, the average mass-transfer coefficient
can be expressed as:

km ¼ C1R�1=2
b ð15Þ

where

C1 ¼
0:6

21=2

ql

ll

� �1=6

D2=3u1=2
r ð16Þ

Substituting Eq. (15) into Eq. (13) yields:

dRb

dt
¼

aks C1R�1=2
b

� �
ks þ C1R�1=2

b

� � ð17Þ

The solution of above equation is of the form:

R3=2
b � R3=2

0

� �
þ 3C1

2ks
ðRb � R0Þ ¼

3
2

C1at ð18Þ

For the case with a fast chemical reaction ðks � C1R�1=2
b Þ, the solu-

tion can be simplified as:

RbðtÞ ¼ R3=2
0 þ 3

2
C1at

� �2=3

ð19Þ

The solution for the case with a slow chemical reaction
ðks � C1R�1=2

b Þ is the same as Eq. (10).

3.3.3. Constant generation rate of the gas product to the bubble
For a constant generation rate of the gas product to the growing

bubble, the change rate of the number of moles of the gas in the
bubble can be written as follows:

dn
dt
¼ ng ¼ constant ðmol=sÞ ð20Þ

where n is the moles of the gas product within the bubble and ng is the
constant generation rate of the gas product into the bubble. Assuming
the gas is an ideal one and realizing the pressure difference between
the gas and liquid is governed by the Young–Laplace equation:
Pb � Pl ¼
2r
Rb

ð21Þ

Eq. (20) can be re-written as:

PlR
2
b þ

4
3
rRb

� �
dRb

dt
¼ ngRgTb

4p
ð22Þ

Integration of the above equation using the initial condition, Eq. (2),
gives:

R3
b � R3

0

� �
þ 2r

Pl
R2

b � R2
0

� �
¼ 3RgTb

4pPl
ngt ð23Þ

For a given time t, the real root for Rb of Eq. (23) can be obtained by
the Mathematica as:

RbðtÞ ¼
1
6
�2C2 þ 24=3C2

2½FðtÞ�
�1 þ 22=3½FðtÞ�

n o
ð24Þ

where

FðtÞ ¼ C3 þ 27C4t þ ½�4C6
2 þ ðC3 þ 27C4tÞ2�1=2

n o1=3
ð25Þ

C2 ¼
2r
Pl

ð26Þ

C3 ¼ �2C3
2 þ 27 C2R2

0 þ R3
0

� �
ð27Þ

C4 ¼
3RgTb

4pPl
ng ð28Þ

In the present study, C2 = (2 � 73 � 10�3 N/m)/(1.013 � 105 N/
m2) = 1.44 � 10�6 m and C3 = 1.79 � 10�14 m3. Therefore, the sec-
ond term in the RHS of Eq. (24) is negligibly small. Moreover, F(t),
given by Eq. (25), can be approximated as:

FðtÞ ¼ 21=3ðC3 þ 27C4tÞ1=3 ð29Þ

and the instant bubble radius can be simplified as follows:

RbðtÞ ¼
1
3
�C2 þ ðC3 þ 27C4tÞ1=3
h i

ð30Þ

RbðtÞ � C1=3
4 t1=3; for t > 0:01 ð31Þ
4. Results and discussion

4.1. The equivalent radius determination

In this study, the bubble in the microchannel may be in the form
of a sphere (Db 5 H), or constrained by the top and bottom walls
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and become a distorted sphere being approximated as a cylinder
with height H from the side view (Db > H), as shown in Fig. 3.
The bubble growth is analyzed using an equivalent bubble radius
(Rb), defined as the radius of a sphere with the same total volume
of the bubble measured in the experiments. Thus

Rb ¼
Db

2
; for Db5H ð32Þ

Rb ¼
3

16
D2

bH
� �1=3

; for Db > H ð33Þ

where Db is the bubble diameter from the top-view image and H is
the depth of the microchannel.

4.2. Experimental results of the bubble growth

Experiments were conducted with the volume flow rates rang-
ing from 0.16 � 10�9 to 2.40 � 10�9 m3/s and inlet concentration
for both solutions of sulfuric acid and sodium bicarbonate of
0.75 mol/L. The nucleation and growth of bubbles appeared in
the diverging microchannel for Q = 0.16 � 10�9 and Q = 0.80 �
10�9 m3/s, and the uniform cross-section microchannel for
Q = 0.16 � 10�9 m3/s. No bubble was generated for higher flow
rates. The initial bubble radius observed by locally enlarging the
site of the bubble nucleation was between 7.41 and 10.6 lm, and
the mean initial radius of the bubble was 8.25 lm. As for the con-
verging microchannel, no bubble was nucleated at the given inlet
concentration and in the range of flow rate of the present study.
This is consistent with what reported by Fu et al. [25]. They found
that, in contrast to that in the diverging microchannel, no bubble
Flow direction 
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   t + 60/2000 s  t + 80/2000 s  

   t + 140/2000 s  t + 160/2000 s  
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   t + 140/2000 s  t + 160/2000 s  
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b

Fig. 6. A series of the images of the bubble growth in the (a) uniform cross-sect
was formed in the converging microchannel for low inlet concen-
trations and high volume flow rates. The test section employed
by Fu et al. [25], however, included a relatively large inlet chamber,
at which both solutions may be mixed with the different degree in
different kinds of the microchannels. Such the pre-mixing effect
has been eliminated by the proper inlet design, as stated earlier
in Section 2 and the bubble nucleation in the microchannel is
purely due to the local environment. The following sections pres-
ent and discuss the results of the bubble growth in four different
cases, referred to case A to D in the diverging or uniform cross-sec-
tion microchannel. The growth characteristics of the selected bub-
ble, a single bubble, were analyzed without any merger occurrence.

4.2.1. Case A: in the diverging microchannel with Q = 0.80 � 10�9 m3/s
Fig. 4 shows a series of the images of the bubble nucleation and

growth in the diverging microchannel with Q = 0.80 � 10�9 m3/s.
The figure illustrates that bubbles are nucleated at the channel
wall. The top-view images reveal that the bubble under consider-
ation grows spherically while moving downstream with the liquid
flow possibly due to the relatively large flow rate for this case. The
ruler etched along the channel enables the determination of the
bubble velocity. The mean velocity of the bubble center from the
images in Fig. 4, calculated based on the bubble center displace-
ment in a time interval in the figure, is 1.32 � 10�2 m/s. This is very
close to the mean velocity of the liquid, 1.33 � 10�2 m/s, at the ax-
ial location under consideration. Since the bubble center is from
near the wall to about one-third of the channel width from the wall
and the mean liquid velocity would be the liquid velocity at this
range. It is, therefore, can be assumed that the relatively velocity
between the bubble and surrounding liquid is very small and this
t + 20/2000 s   t + 40/2000 s 

t + 100/2000 s   t + 120/2000 s 

t + 180/2000 s   t + 200/2000 s 

t + 20/2000 s   t + 40/2000 s 
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t + 180/2000 s   t + 200/2000 s 

ion (case B), and (b) diverging microchannels (case C), Q = 0.16 � 10�9 m3/s.



Fig. 7. The time evolution of the equivalent bubble radius in the (a) uniform cross-
section (case B), and (b) diverging microchannels (case C), Q = 0.16 � 10�9 m3/s.
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case can be treated as the one without relative motion between the
bubble and liquid. Moreover, the velocity of the bubble center, esti-
mated from the captured images (Fig. 4), is nearly constant after
t = 0.1 s. The contact angle of the mixture on the silicon wafer
and on the Pyrex #7740 glass has been measured to be about
58� and 19�, respectively. This suggests that both surfaces of silicon
wafer and Pyrex #7740 glass are quite hydrophilic. Accordingly, a
thin liquid film between the bubble and the channel wall is usually
observed. The liquid film may enable the bubble motion in the flow
direction once it departs from the wall.

The time evolution of the equivalent bubble radius for case A is
shown in Fig. 5. Different symbols in the figure stand for different
cycles of the bubble nucleation and growth. It should be noted that
the bubble for each cycle may not be nucleated from exactly the
same location and good agreements among different cycles are
demonstrated. The predictions of the bubble growth from various
models presented in the last section are also shown in the figure.
For the initial period, i.e., t < 0.01 s, the equivalent bubble radius in-
creases linearly, indicating the bubble growth for the beginning
period is inertia-force-control. Fig. 5 demonstrates that the equiv-
alent bubble radius grows following a square root of the time and
agrees very well with Eq. (9) or Eq. (8) with b0� 1 proposed by
Favelukis and Yablonsky [24]. As discussed earlier in the last sec-
tion, Eq. (9) or Eq. (8) with b0� 1, is for the bubble growth without
relative motion between the bubble center and liquid and with a
first-order chemical reaction taking place at the bubble surface
and all gas product going into the bubble. Moreover, the chemical
reaction is fast and the solute diffusion to the bubble surface is the
controlling mechanism. The diffusion coefficient estimated from
the best fit using Eq. (9) is 6.62 � 10�9 m2/s, which is reasonable
for the diffusion of species in the liquid medium [35]. The first-or-
der surface reaction constant is 8.02 � 10�1 m/s corresponding to
b0 = 1000, for which the prediction of Eq. (8) agrees very well with
data.

The bubble growth behavior for this particular case shows that
the mass diffusion controls the bubble growth with chemical reac-
tions. This result demonstrates the similarity between the diffusion
of solute to the bubble surface and the diffusion of heat to the bub-
ble surface for liquid evaporation in the boiling system. Most pre-
viously analytical analyses of the bubble growth due to the heat
transfer mechanism of boiling or chemical reactions usually take
the diffusion effect into account and result in the bubble growing
as a square root of the time.

4.2.2. Cases B and C: in the uniform cross-section and diverging
microchannels with Q = 0.16 � 10�9 m3/s

Unlike the bubble growth characteristic for case A, bubbles are
nucleated from the channel wall and grow at the nucleation site for
cases B and C while the liquid remains flowing in the microchan-
nel. Fig. 6(a) shows a series of the images of the bubble nucleation
and growth in the uniform cross-section microchannel with
Q = 0.16 � 10�9 m3/s during the time span of observation. This case
is referred to case B. A similar situation for the bubble nucleation
and growth in the diverging microchannel with the same flow rate
is referred to case C, as shown in Fig. 6(b). For cases B and C, the
bubble remains almost at the nucleation site while growing. This
is in contrast to case A, in which the bubble moves with the liquid
while growing.

Fig. 7(a) and (b) illustrate the time evolution of the equivalent
bubble radius for cases B and C, respectively. The comparison be-
tween Fig. 7(a) and (b) demonstrates that the bubble nucleation
and growth for cases B and C present the similar behavior. In the ini-
tial period (t < 0.01 s), the bubble radius grows with the time, the
same as that for the initial period of case A. The analyses of the bubble
growth characteristics show that the bubble radius increases
approximately with the 1/3 power of the time. This suggests that
the bubble grows with a constant generation rate of the gas product.
The best prediction of the bubble growth is Eq. (30) with the constant
generation rates (ng) of 6.41 � 10�9 and 5.27 � 10�9 mol/s for cases
B and C, respectively. Since the bubble continually grows at the
nucleation site, the bulk liquid flow may supply the reactants contin-
ually to the reaction site resulting in a constant generation rate. For
case B, Eq. (30) with ng = 6.41 � 10�9 mol/s tends to show over pre-
diction for t > 0.08 s indicating that the gas product generation rate
may become smaller after. Although there is relative motion be-
tween the bubble and liquid, the comparison between data and
model prediction does not support the analysis with strong relative
motion between the bubble center and liquid, for which the bubble
radius increases with the 2/3 power of the time (see Eq. (19)). This
may be explained by the fact that the bubble sticks on the wall while
growing. The liquid convection will be present around about half the
bubble surface. This will fail the model with convection around the
whole bubble.

4.2.3. Case D: in the diverging microchannel with Q = 0.16 � 10�9 m3/s
and bubble-to-bubble interactions

Cases A, B, and C are basically for bubbles growing indepen-
dently without a significant influence of a neighboring bubble.
Bubble-to-bubble interactions are quite often in a boiling system
as well as in the present system with bubbles from chemical reac-
tions [25]. For case D, the bubble growth of a small bubble near a
big bubble is examined. Fig. 8 illustrates a series of the images of
the bubble nucleation and growth at the channel wall and near a
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Fig. 8. A series of the images of the bubble growth with bubble-to-bubble interactions in the diverging microchannel (case D), Q = 0.16 � 10�9 m3/s.

B.R. Fu, C. Pan / International Journal of Heat and Mass Transfer 52 (2009) 767–776 775
big bubble, in fact, within the shadow of the big one. Bubble-to-
bubble interactions between these two bubbles are inevitable. At
least, the big bubble would hinder a significant part of the liquid
and influence the convection of solute around the bubble under
consideration. Eventually, the marked bubble would merge with
the big one for this case.

The time evolution of the equivalent bubble radius for case D
is presented in Fig. 9. The figure clearly shows that the bubble
growth behavior is well predicted by Eq. (30) with a significantly
smaller gas generation rate, ng = 2.61 � 10�9 mol/s, than that for
cases B and C. The gas generation rate for case D is approxi-
mately a half of that for case C. This significant difference might
be caused by the hindering effect of the big bubble. The presence
of the big bubble would prevent reactant from entering the
down stream side of the bubble under consideration. Conse-
quently, the bubble growth rate is reduced for this case with
bubble-to-bubble interactions.

It is interesting to see that bubbles are nucleated at the channel
wall for each case of the present study. This result demonstrates
that the channel wall material, silicon, might have the catalytic ef-
fect for the chemical reaction [36].

Table 2 lists the best fitted equation for all the four cases of this
study. Fig. 10 shows that the deviation of the bubble radius be-
Fig. 9. The time evolution of the equivalent bubble radius with bubble-to-bubble
interactions in the diverging microchannel (case D), Q = 0.16 � 10�9 m3/s.
tween the measurement and predictions is within 10% for case A
and 15% for cases B, C, and D.
5. Summary and conclusions

The present work explores the nucleation and growth of CO2

bubbles due to chemical reactions of sulfuric acid and sodium
bicarbonate in three types of microchannels: one with a uni-
form cross-section, one converging, and another one diverging.
The nucleation and growth of bubbles were observed in the
diverging microchannel for Q = 0.16 � 10�9 m3/s (cases C and
D) and Q = 0.80 � 10�9 m3/s (case A), and the uniform cross-sec-
tion microchannel for Q = 0.16 � 10�9 m3/s (case B). The theoret-
ical model in the literature has been reviewed and a new model
is developed based on the experimental data. The following
conclusions may be drawn from the results of the present
study:

1. Bubbles are nucleated at the channel wall and the equivalent
bubble radius increases linearly during the initial period of
the bubble growth, i.e., t < 0.01 s, for all the four cases of this
study. The initial bubble radius observed is between 7.41 and
10.6 lm, and the mean initial radius of the bubble is 8.25 lm.

2. For case A, with a relatively high flow rate in the diverging
microchannel, the bubbles move with the liquid and the bubble
growth is found to be controlled by solute diffusion toward the
bubble interface. The instant bubble radius can be fitted within
±10% as a square root of the time, proposed by Favelukis and
Yablonsky [24].

3. For cases B and C, the bubbles stay almost at the nucleation site
while growing and grow with a constant gas product generation
rate resulting in the instant bubble radius following the one-
third power of the time. The fitted equations agree with exper-
imental data within ±15%.
Table 2
The best fitted equation for each case

Case The best fitted equation Corresponding
equation

A Rb(t) = 8.25 � 10�6(1 + 3.57 � 103t)1/2 Eq. (9)
B RbðtÞ ¼ 1

3 ½�1:44� 10�6 þ ð1:79� 10�14 þ 10:1� 10�10tÞ1=3� Eq. (30)
C RbðtÞ ¼ 1

3 ½�1:44� 10�6 þ ð1:79� 10�14 þ 8:31� 10�10tÞ1=3� Eq. (30)
D RbðtÞ ¼ 1

3 ½�1:44� 10�6 þ ð1:79� 1014 þ 4:11� 10�10tÞ1=3� Eq. (30)



Fig. 10. The comparisons of the equivalent bubble radius between experiments and
the best fit of the prediction of the corresponding equation, (a) case A and (b) cases
B, C, and D.
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4. For case D, the bubble very close to a big bubble also grows with
a constant gas product generation rate but a significantly lower
generation rate due to the obstructive effect on the liquid con-
vection of the neighboring big bubble.
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